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Most of the turbulent flows appearing in nature (e.g. geophysical and astrophysical flows)
are subjected to strong rotation and stratification. These effects break the symmetries
of classical, homogenous isotropic turbulence. In doing so, they introduce a natural de-
composition of phase space in terms of wave modes and potential vorticity modes. The
appearance of a new time scale associated to the propagation of waves, in addition to the
eddy turnover time, increases the complexity of the energy transfers between the various
scales; nonlinearly interacting waves may dominate at some scales while balanced motion
may prevail at others. In the end, it is difficult to predict a priori if the energy cascades
downscale as in homogeneous isotropic turbulence, upscale as expected from balanced
dynamics, or follows yet another phenomenology.
In this paper, we suggest a theoretical approach based on equilibrium statistical me-
chanics for the ideal system, inspired from the restricted partition function formalism
introduced in metastability studies. In this framework, we show analytically that in
the presence of rotation, when the dynamics is restricted to the slow modes, the equilib-
rium energy spectrum features an infrared divergence characteristic of an inverse cascade
regime, whereas this is not the case for purely stratified flows.
1. Introduction
Three dimensional homogeneous and isotropic turbulence (3D HIT) can be seen as
essentially a competition between inertia (nonlinearity) and viscosity. The former is re-
sponsible for coupling all the different scales of motion, while the latter acts as a sink
of energy at small scales. The standard phenomenology, known since Richardson (1922)
and Kolmogorov (1941), is that inertia acts essentially locally in an inertial range, breaks
big whorls to form smaller and smaller whorls in a process referred to as the direct cas-
cade of energy, ultimately feeding molecular viscosity. In many situations encountered
in reality, forces other than inertia and viscosity may also be at work. For instance, a
conducting fluid in a magnetic field will be subjected to the Lorenz force, the Coriolis
force exerts itself on fluids subject to rotation, while buoyancy acts upon stratified fluids.
These effects play a major part in astrophysical flows, while the latter two are essential
ingredients of geophysical flows, like the atmosphere and the ocean. This study is devoted
to this last case.
The presence of the Coriolis and buoyancy forces have several important consequences.
First of all, they introduce linear terms in the equations of motion, which allow for the
propagation of waves, respectively inertial waves and internal gravity waves, or when both
are present at the same time, the more general family of inertia-gravity waves. Besides,
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they also allow for regimes where the pressure force balances the new forces: geostrophic
balance in the horizontal direction, when the pressure gradient balances the Coriolis force,
and hydrostatic balance in the vertical direction, when the pressure gradient balances
the buoyancy force. These balanced motions play a fundamental role in the theory of
geophysical fluid dynamics (Pedlosky 1987; Salmon 1998; Vallis 2006; McWilliams 2006),
as the atmosphere and the oceans of the Earth are close to geostrophic and hydrostatic
balance.
It has been suggested early on that balanced modes could be seen as a submanifold of
phase space, consisting of the slow motions, hence the name slow manifold (Lorenz 1980;
Leith 1980), and long standing questions have been whether this manifold is invariant —
an orbit initialized at a point on the manifold remains on the manifold — and whether it
is stable — orbits initialized in the vicinity of the manifold converge to the manifold —
with the hope that it may coincide with the attractor of realistic models of geophysical
fluid dynamics, like primitive equations (Lorenz 1986, 1992; Warn 1997). Although these
questions are difficult to answer mathematically, it seems that the spontaneous depar-
tures — i.e. other than due to external wave generation mechanisms, like topography
— from the manifold are relatively small and infrequent (Vanneste 2013), at least when
rotation and stratification are strong enough. This issue is of primary importance for
numerical weather prediction, where gravity waves were initially referred to as noise, and
two main approaches have been followed: either writing new dynamical equations which
enforce in particular the balance relations at all times (quasi-geostrophic dynamics) or
initializing the system in a state devoid of such oscillations, on the slow manifold (Baer &
Tribbia 1977; Machenhauer 1977; Leith 1980; Vautard & Legras 1986). Recently, rigorous
mathematical methods have been developed to derive families of balanced dynamics on
such slow manifolds through multiscale asymptotic expansions (Embid & Majda 1998;
Julien et al. 2006; Wingate et al. 2011), thereby generalizing the quasi-geostrophic dy-
namics, which correspond to an asymptotic regime of low Rossby and Froude number in
a small aspect ratio domain.
In general, these various types of motions coexist, and one may prevail in a given range
of scales while the other does at other scales. While geostrophic balance seems to be rel-
atively robust at large scales, it may break down at smaller scales (e.g. the submesoscale
in the ocean, which are becoming more and more studied as numerical models and ob-
servations permit). Wave dynamics may then drive the processes which occur at these
scales, like vertical mixing in the ocean. In this range of scales, theoretical investigations
have focused on the methods of weak turbulence (see the reference works by Nazarenko
(2010) and Newell & Rumpf (2011) and references therein), which assumes that the am-
plitudes of the waves are slowly modulated by nonlinear interactions, with a mitigated
agreement with observations (Polzin & Lvov 2011). At yet smaller scales, it may be ex-
pected that isotropy should recover (Dubrulle & Valdettaro 1992; Zeman 1994), and the
phenomenology of the turbulent transfers should comply with the standard Kolmogorov
theory. In rotating turbulence, high resolution numerical simulations indeed support this
view (Mininni et al. 2012). To these different ranges may correspond different energy
spectrum power-laws, and even cascades with different directions. In particular, it re-
mains to be fully clarified under which circumstances, and through which mechanisms,
rotation and/or stratification may lead to an inverse cascade. While it seems relatively
unambiguous from numerical simulations that rotating turbulence supports an inverse
cascade (Smith et al. 1996; Smith & Waleffe 1999; Chen et al. 2005; Mininni & Pou-
quet 2010a), the picture is slightly more fuzzy in the presence of stratification. In purely
stratified flows, a forward energy cascade has been observed in most numerical simula-
tions (Godeferd & Cambon 1994; Waite & Bartello 2004; Lindborg 2006; Brethouwer
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et al. 2007; Lindborg & Brethouwer 2007; Marino et al. 2013), although a weak inverse
cascade has been reported for strong stratification with a 2D forcing (Herring & Me´tais
1989). When rotation is added, an inverse cascade appears (Me´tais et al. 1996; Smith &
Waleffe 2002; Marino et al. 2013), which is particularly strong when rotation and strat-
ification are of comparable strengths. This inverse cascade of energy can coexist with a
second inertial range corresponding to a downscale energy cascade (Pouquet & Marino
2013).
The purpose of this study is to provide some theoretical insight on the role of the slow
modes in the emergence of an inverse cascade in rotating and/or stratified turbulence.
To do so, we make use of a theoretical tool which has proved useful in studying the di-
rection of the cascade in the case of homogeneous isotropic flows: equilibrium statistical
mechanics. In the case of 2D turbulence, Kraichnan (1967, 1975) (see also Kraichnan
& Montgomery (1980)) introduced the canonical probability distribution for Galerkin
truncated flows, based on conservation of two quadratic quantities: the energy and en-
strophy. At statistical equilibrium, he identified a regime of high energy (relative to the
enstrophy), in which a condensation of energy in the gravest modes was expected due
to the appearance of negative temperatures. Comparing the slope of the energy and en-
strophy spectra at equilibrium with that obtained by self-similarity requirements in two
hypothetical inertial ranges, assuming a tendency for the flow to evolve towards equi-
librium, even in the presence of forcing and dissipation, hints at the direction of the
cascades in the inertial ranges: downscale cascade of enstrophy and upscale cascade of
energy. This behavior has been largely confirmed since then (see e.g. Boffetta & Ecke
(2012) for a review). For 3D turbulence, the same methods yield an energy equipartition
spectrum at statistical equilibrium (Lee 1952; Kraichnan 1973), indicative of a forward
cascade regime, even in the presence of helicity (Chen et al. 2003). The same methods
were applied to geophysical flows (see Lucarini et al. (2013) for a general review), in
the context of topographic turbulence (Herring 1977; Merryfield & Holloway 1996) and
quasi-geostrophic flows with discrete or continuous stratification (Salmon et al. 1976;
Holloway 1986; Merryfield 1998), and also predict an inverse cascade in the horizontal
direction, together with a tendency towards barotropization of the flow.
The methods of absolute equilibrium for Galerkin truncated flows have been used
beyond the framework of 2D and quasi-geostrophic turbulence. Errico (1984) has adapted
the methods to a primitive equations system, Warn (1986) has considered a shallow-
water model and Bartello (1995) and Waite & Bartello (2004) turned to the Boussinesq
equations. In all these cases, the average spectrum of energy at absolute equilibrium
points at a forward cascade of energy, unlike in quasi-geostrophic dynamics. Besides, at
absolute equilibrium, the energy tends to concentrate in the wave modes. These results
have been mostly interpreted in the context of the question of stability of the slow
manifold and the connection with initialization methods has been underlined.
In this paper, in the context of Boussinesq flows, we provide a study of the statistics
stemming from the nonlinear interactions taking into account either all the modes or
only the slow modes. Our main result is that taking into account only the slow modes
can lead to an inverse cascade for rotating and rotating/stratified turbulence, but not
for stratified turbulence. We suggest an analogy with the theory of metastability: in
all rigor, the macroscopic behavior of the system is dominated by the contributions
to the statistics of the microstates concentrating near the most probable macrostate.
When metastable states exist, although the macroscopic system may remain for very
long times in a state which is not the most probable macrostate, the corresponding
regions of phase space contribute only subdominant contributions to the equilibrium
statistics. Therefore, it was suggested by Penrose & Lebowitz (1971, 1979) to consider
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the statistics resulting from constructing the equilibrium probability density restricted
to a submanifold of phase space, containing the microstates which contribute to the
metastable state but not those which concentrate around the absolute equilibrium state.
This procedure has been applied to classical models of condensed matter physics, like the
Ising model of ferromagnetism (Capocaccia et al. 1974) or the van der Waals-Maxwell
model of the liquid-vapor transition (Penrose & Lebowitz 1971), and more recently, to
the case of turbulent flows, in the context of helically constrained flows (Herbert 2013b).
Here, we adapt this idea to the slow manifolds of rotating and/or stratified flows.
In a first step (section 2), we introduce the slow and fast modes of rotating and/or
stratified flows by finding the normal modes of the linearized equations, following Bartello
(1995). We use this decomposition to define the slow manifold, for each case. Then
(section 3), we investigate the equilibrium statistics obtained by restricting the partition
function to this submanifold. A question of major interest is: in which cases do the slow
modes yield an inverse (resp. direct) cascade of energy, and to what extent is this cascade
similar to 2D (resp. 3D) turbulence? Finally (section 4), we discuss the range of validity
of the hypotheses underlying the computations made in this paper.
2. The Boussinesq equations and the slow manifold
2.1. The Ideal Boussinesq Equations
We will consider inviscid, incompressible flows in a tri-periodic cubic (with length L
— unless mentioned otherwise we shall use L = 2pi) domain D — i.e. the torus T3 —
rotating around the axis e‖ with angular velocity Ω, with an imposed stratification along
the same axis. The flow is described by the inviscid Boussinesq equations:
∂tu + u ·∇u = −∇P − 2Ω× u−Nθe‖, (2.1)
∂tθ + u ·∇θ = Nu‖, (2.2)
∇ · u = 0, (2.3)
where u is the velocity field, u‖ = u · e‖ its projection on the direction of rotation, P
the pressure field, θ the buoyancy, and N =
√
−g∂z θ¯/θ the Brunt-Va¨isa¨la¨ frequency,
with θ¯ the imposed stratification profile. Note that we are not considering any buoyancy
diffusion. We also define the Coriolis frequency f = 2Ω.
All along this paper, we shall consider three cases: the full Boussinesq equations (2.1)-
(2.3) describing rotating and stratified flows (N 6= 0, f 6= 0), but also the particular case
of purely stratified flows with no rotation (f = 0, N 6= 0, which simply has the effect
of suppressing the term Ω × u in (2.1)) and of purely rotating flows with no imposed
stratification (N = 0, f 6= 0; in this case the buoyancy becomes a passive scalar, the
behavior of which we shall not be interested in here).
As is customary, we introduce the Fourier decompositions for the various fields of
interest:
ui(x) =
∑
k∈B
uˆi(k)e
ik·x, (2.4)
θ(x) =
∑
k∈B
θˆ(k)eik·x. (2.5)
Here, B denotes the set of wave vectors, which is a priori 2pi/LZ3 where L is the length
of the domain. We have implicitly introduced a basis (e1, e2, e3) of R3, so that u(x) =
ui(x)ei, where we have adopted the Einstein convention of summation of repeated indices.
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For simplicity, we make the choice e3 = e‖. The dynamical equations can be recast in
Fourier space:
∂tuˆi(k) = − i
2
P jli (k)
∑
p+q=k
uˆj(p)uˆl(q) + fPij(k)
jl3uˆl(k)−NPi3(k)θˆ(k), (2.6)
∂tθˆ(k) = −i
∑
p+q=k
kj uˆj(p)θˆ(q) +Nuˆ3(k), (2.7)
kiuˆi(k) = 0, (2.8)
where the projection operator is given by Pijl(k) = kjPil(k) + klPij(k), with Pij(k) =
δij − kikj/k2, and  is the standard, rank 3, totally asymmetric, Levi-Civita tensor.
As usual for the inviscid system, the energy of the flow is conserved:
E =
1
2
∫
D
(‖u(x)‖2 + θ(x)2)dx, (2.9)
=
1
2
∑
k∈B
(uˆi(k)uˆ
i(k)∗ + |θˆ(k)|2). (2.10)
In addition, we can introduce the potential vorticity
q = f∂‖θ −Nω‖ + ω ·∇θ, (2.11)
which is conserved along Lagrangian trajectories:
∂tq + u ·∇q = 0. (2.12)
As a consequence, the integral over the whole domain of any function of potential vorticity
is a global invariant: for a function g, let Ig =
∫
D g(q(x))dx, then I˙g = 0. In particular,
all the moments of the potential vorticity fields are global invariants corresponding to
g(x) = xn. This is analogous to the case of two-dimensional turbulence and also quasi-
geostrophic turbulence. In both these cases, the particular case n = 2 yields a second
quadratic invariant, which plays a major part in understanding the phenomenology of the
nonlinear transfers of energy (Kraichnan 1967; Rhines 1979; Kraichnan & Montgomery
1980; Salmon 1998). Here, the case n = 2 does not lead to a quadratic quantity because
of the nonlinear term ω ·∇θ in the definition of potential vorticity. In Fourier space, this
corresponds to a convolution term in the Fourier coefficients of potential vorticity:
qˆ(k) = ifk‖θˆ(k)− iNjlmkj uˆl(k)δm3 −
∑
p+q=k
jlmq
jpluˆm(p)θˆ(q). (2.13)
Neglecting the nonlinear contribution to potential vorticity (see section 4.2), the potential
enstrophy reduces to a quadratic quantity:
Γ2 =
1
2
∫
D
(f∂‖θ −Nω‖)2, (2.14)
=
1
2
∑
k∈B
|fk‖θˆ(k)−Njlmkj uˆl(k)δm3 |2, (2.15)
=
1
2
∑
k∈B
[
f2k2‖|θˆ(k)|2 +N2jl3pm3kjkpuˆl(k)uˆm(k)∗ − fNk‖jl3kj [uˆl(k)θˆ(k)∗ + uˆl(k)∗θˆ(k)]
]
.
(2.16)
From eq. (2.10) and eq. (2.16), we see that the generic form for the quadratic global
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invariant in that case is
βE + αΓ2 =
1
2
∑
k∈B
tX(k)∗Mβ,α(k)X(k), (2.17)
for arbitrary α, β ∈ R, and with
X(k) =

uˆ1(k)
uˆ2(k)
uˆ3(k)
θˆ(k)
 , Mβ,α(k) =

β + αN2k22 −αN2k1k2 0 αfNk2k3
−αN2k1k2 β + αN2k21 0 −αfNk1k3
0 0 β 0
αfNk2k3 −αfNk1k3 0 β + αf2k23
 . (2.18)
2.2. Slow manifold: wave and vortical modes
2.2.1. Rotating and stratified case (N 6= 0 and f 6= 0)
The ideal Boussinesq equations described in section 2.1 can be seen as a dynamical
system evolving on a phase space Λ. In real space, Λ would be the product of the manifold
containing all the incompressible velocity fields on the flat torus with finite energy and of
the space of buoyancy fields on the flat torus with finite energy: Λ =M×L2(D), where
M = {u ∈ L2(D),∇·u = 0}. In Fourier space, Λ can be defined in a dual manner as the
product of the Fourier amplitude “fields” on the Pontryagin dual of the flat torus Tˆ for
both the velocity and the buoyancy. One has to incorporate the reality condition ∀k ∈
B, uˆi(k) = uˆi(−k)∗, θˆ(k) = θˆ(−k)∗ for both fields, and the incompressibility condition
∀k ∈ B, uˆi(k)ki = 0 for the velocity field:
Λ = {(uˆ, θˆ) ∈ L2(Tˆ )×L2(Tˆ ),∀k ∈ Tˆ , uˆi(k) = uˆi(−k)∗, kiuˆi(k) = 0 and θˆ(k) = θˆ(−k)∗}.
(2.19)
The purpose of this section is to provide a description of phase space which takes into
account the fact that some modes have a different physical nature than other modes.
To achieve this goal, we follow the method of Leith (1980), adapted to the Boussinesq
equations by Bartello (1995), which consists in finding the normal modes of the tangent
map. The linearized evolution equations read:
∂tuˆi(k) = fPij(k)
jl3uˆl(k)−NPi3(k)θˆ(k), (2.20)
∂tθˆ(k) = Nuˆ3(k), (2.21)
or in matrix form
X˙(k) = L(k)X(k), (2.22)
with X(k) defined by (2.18) and
L(k) =

f k1k2k2 f
(
1− k21k2
)
0 N k1k3k2
−f
(
1− k22k2
)
−f k1k2k2 0 N k2k3k2
f k2k3k2 −f k1k3k2 0 −N
(
1− k23k2
)
0 0 N 0
 . (2.23)
To get rid of the incompressibility condition, it is convenient to introduce new variables:
following Bartello (1995), we use the horizontal divergence and vertical component of
vorticity:
δ(k) = ik1uˆ1(k) + ik2uˆ2(k) = −ik‖uˆ3(k), (2.24)
ζ(k) = ik1uˆ2(k)− ik2uˆ1(k) = ωˆ3(k), (2.25)
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together with the rescaled variables
D(k) =
k
k‖
δ(k) = −ikuˆ3(k), (2.26)
T (k) = −k⊥θˆ(k). (2.27)
Now, the linear evolution reads
Z˙(k) = L′′(k)Z(k), (2.28)
with
Z(k) =
 ζ(k)D(k)
T (k)
 , L′′(k) =
 0 −f
k‖
k 0
f
k‖
k 0 −iN k⊥k
0 −iN k⊥k 0
 . (2.29)
The spectrum of the matrix L′′(k) is Sp L′′(k) = {0, iσ(k),−iσ(k)}, where
σ(k) =
√
f2
k2‖
k2
+N2
k2⊥
k2
> 0 (2.30)
is the inertia-gravity waves frequency. In particular, it is a singular matrix. Note that the
matrix L′′(k) is anti-hermitian: tL′′(k)∗ = −L′′(k) (iL′′(k) is hermitian). In particular,
it is a normal matrix, and therefore it is unitarily similar to a diagonal matrix: there
exists a unitary matrix P ∈ U(3) such that
L′′(k) = P
−iσ(k) 0 00 0 0
0 0 iσ(k)
P−1. (2.31)
We introduce the eigenvectors Z0(k) corresponding to the eigenvalue 0, and Z±(k) cor-
responding to the eigenvalue ±iσ(k): L′′(k)Z0(k) = 0, L′′(k)Z±(k) = ±iσ(k). In the
canonical basis, these (normalized) eigenvectors are given by
Z0(k) =
1
kσ(k)
iNk⊥0
fk‖
 , Z±(k) = 1√
2kσ(k)
 −ifk‖∓kσ(k)
Nk⊥
 . (2.32)
These eigenvectors form an orthonormal basis of C3, and we can decompose every vector
as Z(k) = a0(k)Z0(k) + a−(k)Z−(k) + a+(k)Z+(k).
Physically speaking, this means that the linear terms of the equation of motion leave
the mode Z0(k) unchanged: a˙0(k) = 0; of course, this does not remain true when consid-
ering the full equations (see section 4.1). On the contrary, the modes Z±(k) correspond to
waves propagating with frequency ±σ(k). The nonlinear dynamics is going to couple the
evolution of these slow and fast modes in a complicated way. Nevertheless, they provide
insight on the structure of phase space, and one may define submanifolds of phase space
corresponding to retaining only the slow or fast modes: we denote Λ0 the submanifold
of Λ defined by the conditions a+(k) = a−(k) = 0, and ΛW the submanifold defined by
the condition a0(k) = 0. Clearly, Λ = Λ0 ⊕ ΛW .
Note that the slow manifold corresponds to balanced motion. Indeed, writing the lin-
earized dynamics in Fourier space (Eqs. 2.20-2.21) including explicitly the pressure term
— instead of using the projection operator — we obtain the relation between pressure
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and the dynamical variables which is satisfied by the linear dynamics:
Pˆ (k) = −fζ(k) + iNk‖T (k)/k⊥
k2
. (2.33)
The slow modes satisfy the relation iNk⊥T (k) = fk‖ζ(k), which imply that the Fourier
coefficients of pressure can be rewritten in the two equivalent forms:
Pˆ (k) = −fζ(k)
k2⊥
, (2.34)
= −iNT (k)
k‖k⊥
. (2.35)
The first of these two forms correspond to geostrophic balance, and the second to hydro-
static balance. Therefore, the (linear) dynamics on the slow manifold is both geostroph-
ically and hydrostatically balanced. The true, nonlinear, dynamics can of course destroy
these balance relations.
Mathematical details about the change of variable described above are given in Ap-
pendix A. Note that the cases k‖ = 0 and k⊥ = 0 may seem problematic. When k‖ = 0,
δ(k) = 0, but the appropriate dynamical variable is then D(k), which is proportional to
the vertical velocity. By contrast, when k⊥ = 0 (which implies k1 = k2 = 0), the change
of variables breaks down: δ(k) = ζ(k) = D(k) = T (k) = 0, and so does the alternative
description proposed in Appendix A. For such modes, the incompressibility condition im-
poses that the vertical velocity vanishes: uˆ3(k) = 0. Therefore, the linearized dynamics
keep θˆ(k) constant. The two horizontal components of velocity uˆ1(k), uˆ2(k) oscillate with
frequency f . In this situation, the flow looks like vertically sheared copies of horizontally
uniform 2D flows, hence they are often referred to as shear modes or pancake modes.
These modes are hydrostatically balanced. Their slow component is trivial: the velocity
field vanishes completely. Nevertheless, these modes are coupled to the others in the full
nonlinear system. Their modal contribution to the energy and to the potential enstrophy
are respectively (|uˆ1(k)|2 + |uˆ2(k)|2 + |θˆ(k)|2)/2 and f2k2‖|θˆ(k)|2/2. We introduce the set
of wavevectors corresponding to the shear modes: BS = {k ∈ B, k⊥ = 0}.
The change of basis introduced here also diagonalize simultaneously the quadratic
invariants of the system. Indeed,
E =
1
2
∑
k∈B
tX(k)∗X(k), (2.36)
=
1
2
∑
k∈BcS
tZ(k)∗Z(k)
k2⊥
+
1
2
∑
k∈BS
|uˆ1(k)|2 + |uˆ2(k)|2 + |θˆ(k)|2
2
, (2.37)
=
1
2
∑
k∈BcS
(|a0(k)|2 + |a+(k)|2 + |a−(k)|2)
k2⊥
+
1
2
∑
k∈BS
|uˆ1(k)|2 + |uˆ2(k)|2 + |θˆ(k)|2
2
,
(2.38)
=
1
2
∑
k∈B
(|A0(k)|2 + |A+(k)|2 + |A−(k)|2), (2.39)
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with
A0(k) =
{
θˆ(k) if k ∈ BS
a0(k)
k⊥
if k ∈ BcS
, A±(k) =
{
(uˆ2(k)± iuˆ1(k))/
√
2 if k ∈ BS
a±(k)
k⊥
if k ∈ BcS
,
(2.40)
and where Xc denotes the complement of the set X. Similarly,
Γ2 =
1
2
∑
k∈B
k2σ(k)2|A0(k)|2, (2.41)
so that
βE + αΓ2 =
1
2
∑
k∈B
tA(k)∗∆β,α(k)A(k), (2.42)
with
∆β,α(k) =
β 0 00 β + αk2σ(k)2 0
0 0 β
 , A(k) =
A−(k)A0(k)
A+(k)
 . (2.43)
Note that only the slow modes contribute to potential enstrophy. Therefore, they should
also be referred to as vortical modes, by opposition to the wave modes, which provide
a vanishing contribution to the potential enstrophy, no matter how much energy they
contain.
2.2.2. Purely stratified case (N 6= 0 and f = 0)
The analysis of section 2.2.1 remains valid in the case of purely stratified flows, and
it suffices to set f = 0 in the above equations. In particular, the normal modes of the
linearized dynamics still consist of a slow mode Z0(k), now given directly by the verti-
cal component of vorticity ζ(k), and two gravity wave modes Z±(k), with a dispersion
relation σ(k) = Nk⊥/k:
Z0(k) =
10
0
 , Z±(k) = 1√
2
 0∓1
1
 . (2.44)
As in the case with rotation, we shall denote by Λ0 the slow manifold, and by ΛW the
wave manifold.
A difference with the rotating-stratified case is that now, the slow modes do not satisfy
the hydrostatic balance equations in general, unless k⊥ = 0. In other words, the shear
modes coincide with the hydrostatically balanced modes, and they have a trivial linear
dynamics; they are constant in time.
The quadratic invariants of course keep the same diagonal form as above. In particular,
only the slow modes contribute to the potential enstrophy, and therefore will also be
referred to as vortical modes. Note, however, that the contribution of the shear modes to
potential vorticity now vanishes.
2.2.3. Purely rotating case (N = 0 and f 6= 0)
As mentioned above, we shall not be interested here in the behavior of the scalar
field, which becomes passive when N = 0. Hence in this case the full phase space is
simply Λ =M, with the above notations. The above analysis of the linearized equations
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carries over to this case by simply getting rid of the θˆ or T variable, and setting N = 0.
Therefore, the linear dynamics reads
Z˙(k) = L′′(k)Z(k), (2.45)
with
Z(k) =
(
ζ(k)
D(k)
)
, L′′(k) =
(
0 −f k‖k
f
k‖
k 0
)
. (2.46)
This time the spectrum of the matrix L′′(k) is ±iσ(k) = ±ifk‖/k. This is the dispersion
relation of inertial waves. By contrast to the rotating-stratified case, the slow modes do
not exist for arbitrary k, but only for k‖ = 0. Therefore, the modes which are going to
play here the role analogous to the vortical modes in rotating-stratified turbulence are
the 2D modes. These are the only modes for which there is no wave propagation. We
shall denote by Λ2D the submanifold of these slow modes, defined by uˆi(k) = 0 when
k‖ 6= 0. We further introduce the set of wavevectors corresponding to the 2D modes:
B2D = {k ∈ B, k‖ = 0}.
The energy is expressed as previously:
E =
1
2
∑
k∈B2D
tZ(k)∗Z(k)
k2⊥
, (2.47)
=
1
2
∑
k∈B2D
|D(k)|2 + |ζ(k)|2
k2⊥
. (2.48)
When N = 0, the expression of Γ2 given in eq. (2.14) does not impose any dynamical
constraint on rotating flows. Nevertheless, the dynamics on the slow manifold Λ2D con-
serves
∫
D ω
2
‖. Indeed, on this manifold, the vertical velocity behaves as a passive scalar,
while the horizontal part of the flow evolves as a 2D incompressible flow:
∂tu‖ + u⊥ ·∇⊥u‖ = 0 (2.49)
∂tu⊥ + u⊥ ·∇⊥u⊥ = −∇⊥P, (2.50)
∇⊥ · u⊥ = 0. (2.51)
It follows that the vertical component of vorticity is constant along streamlines: ∂tω‖ +
u⊥ ·∇⊥ω‖ = 0, and thus the integral
∫
D g(ω‖) of any function g of the vertical component
of vorticity is a dynamical invariant. In particular, we shall consider here the quadratic
invariant which plays the role of potential enstrophy in the previous cases:
Γ2D2 =
1
2
∫
D
ω2‖, (2.52)
=
1
2
∑
k∈B2D
|ζ(k)|2. (2.53)
Besides, as the vertical component of velocity evolves as a passive scalar, the kinetic
energy in the vertical and horizontal directions are conserved independently. Therefore,
we have the two independent energy invariants:
E2D =
1
2
∑
k∈B2D
|ζ(k)|2
k2⊥
, E‖ =
1
2
∑
k∈B2D
|D(k)|2
k2
, (2.54)
with E = E2D + E‖.
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In principle there is an additional invariant: like in homogeneous isotropic flows, ro-
tating flows conserve helicity (Montgomery & Turner 1982). Non vanishing helicity in
rotating flows, which partly depletes the nonlinear interactions, has an impact on sev-
eral aspects, such as small scale structures and intermittency (Mininni & Pouquet 2010b;
Pouquet & Mininni 2010), and energy decay rate (Teitelbaum & Mininni 2009). However,
it does not have an impact on the direction of the energy cascade, as in the homogeneous
isotropic case (Kraichnan 1973). Therefore, we shall not take it into account here. Note,
however, that it would be possible to compute a partition function taking into account
helicity conservation, but the simplest method to do so is to use the decomposition of the
velocity field in terms of helical waves (Waleffe 1992), which is maybe not as well suited
to separate the respective roles of the 2D modes and inertial waves at equilibrium.
The long time properties of such ideal flows have been examined numerically. The
Coriolis force being linear does not impose a new constraint on statistical equilibria
which must therefore be identical to the non-rotating case; in particular, they should not
display any inverse cascade and large-scale condensation. However, at intermediate times
t∗∗, the larger the stronger the rotation, inverse transfer clearly occurs in such flows, with
a t∗∗ ∼ Ω3/4 dependency (Mininni et al. 2011).
3. Restricted partition function
3.1. General formalism
The fundamental idea of equilibrium statistical mechanics is to construct a probability
density on the phase space of a dynamical system based only on the invariants of the
dynamics. As soon as the Liouville theorem — which states that the volume in phase
space is conserved by the dynamics — holds, such a probability measure is automati-
cally an invariant measure. Among this class of invariant measures, different choices can
be made for the dependence on the conserved quantities. Classical choices correspond
to the standard ensembles of statistical mechanics, and are solutions of the associated
variational problems. In the microcanonical ensemble, the probability density is uniform
on all the states with a given set of values for the invariants and vanishes for any other
set of values. It is the appropriate distribution to describe an isolated system, which
does not exchange with its surroundings. For instance, in the case of Boussinesq flows
described above, taking into account only the quadratic invariants, the microcanonical
density would read
ρE0,Γ02 =
1
Ω(E0,Γ02)
δ(E − E0)δ(Γ2 − Γ02), (3.1)
where the normalization factor Ω(E0,Γ02), referred to as the structure function (Khinchin
1949), measures the volume of phase space occupied by microstates with energy E0 and
potential enstrophy Γ02.
By contrast, the canonical ensemble allows for fluctuations of the invariant quantities
(e.g. the energy), due to exchanges with the surroundings. This description is relevant for
systems which are in contact with a reservoir (e.g. a thermostat), which only fixes the
average value of the invariant quantity, or equivalently, the conjugate Lagrange multiplier
(e.g. the temperature). For instance, for Boussinesq flows considered in this paper, taking
into account only the quadratic invariants, the canonical density is given by
ρβ,α =
1
Z e
−βE−αΓ2 , (3.2)
12 C. Herbert, A. Pouquet and R. Marino
where the normalization factor Z, called the partition function is given by
Z =
∫
Λ
e−βE−αΓ2dµΛ, (3.3)
and encodes the statistics of the system.
For systems with long-range interactions, like hydrodynamic systems — but also many
others (Dauxois et al. 2002; Campa et al. 2009) — the microcanonical and canonical
ensembles do not necessarily yield equivalent predictions (Kiessling & Lebowitz 1997;
Ellis et al. 2000; Touchette et al. 2004), even in the thermodynamic limit — i.e. for a
large system. However, it is in general more difficult to work directly in the microcanonical
ensemble, and until recently, applications of statistical mechanics to turbulent flows have
focused on the canonical framework. In this paper, we are not going to delve further into
this issue and will restrict ourselves to the canonical ensemble. For more information
about the connection between the different statistical ensembles in the framework of
turbulent flows, the reader is referred to Bouchet (2008); Venaille & Bouchet (2011);
Herbert et al. (2012a,b); Herbert (2013a); Bouchet & Venaille (2012).
Note also that in the case of turbulent flows, it may happen that other invariants ex-
ist, which may not be quadratic (this is the case of 2D turbulence, QG turbulence, but
also shallow water flows or the Boussinesq equations considered here). Clearly, quadratic
invariant make things simpler in that the canonical density is then Gaussian. Taking into
account higher order invariants is possible, and several approaches have been suggested,
in connection with the remark above on non-equivalence of the different statistical en-
sembles (e.g. Miller 1990; Robert & Sommeria 1991; Turkington 1999). For simplicity,
we shall restrict here to the role of quadratic invariants.
As mentioned in the introduction, absolute equilibrium techniques and canonical prob-
ability distributions have been used in a variety of turbulent flows to study the direction
of the cascade of energy in the forced-dissipative system. The prototypical cases are 2D
and 3D HIT. In 2D turbulence, the partition function can be computed exactly. It is de-
fined when the Lagrange parameters (β, α) belongs to a certain subset of R2, which can
be decomposed in three subsets corresponding to different physical behaviors (Kraichnan
& Montgomery 1980). Perhaps the most interesting case is that of negative temperature:
β < 0, or equivalently, large energy compared to the enstrophy. In that case, the equilib-
rium energy spectrum features a divergence at large scales indicative of an inverse cascade
of energy and a tendency towards spectral condensation. Note that in general, negative
temperature states in the statistical physics of systems with long-range interactions are
characteristic of organized states; one way to look at it is that the thermodynamic en-
tropy becomes a decreasing function of energy: β = ∂S/∂E < 0. Therefore, the system
can at the same time minimize its energy and maximize its entropy, in contrast to the
usual energy-entropy competition which leads to the picture of order at small (positive)
temperature, where the energy dominates the free energy, and disorder at large (positive)
temperature, where the entropy dominates. On the contrary, 3D HIT does not exhibit
such negative temperature states, even when the conservation of helicity is taken into
account (Kraichnan 1973). The equilibrium energy spectrum, in that case, points at a
forward cascade of energy. Therefore, the sign of the Lagrange parameters play a cru-
cial role in the statistical equilibrium properties of the system, and by extension in the
hypothetical cascade directions that they underlie.
The integral (3.3) defining the partition function is dominated by the contribution
of the microstates which concentrate near the equilibrium state. In the presence of
metastable states — local minima of the free energy — the contribution of the corre-
sponding microstates to the partition function — and hence, to the equilibrium statistics
Restricted Equilibrium and the Energy Cascade in Rotating and Stratified Flows 13
— is subdominant. This does not reflect accurately the role that these metastable states
can play in the dynamics, as they can potentially be very long lived. To study metastable
states, it was suggested by Penrose & Lebowitz (1971, 1979) that one should restrict the
integral to a subspace Λ′ ⊂ Λ of phase space excluding the microstates which concentrate
near the equilibrium state. That way, the restricted partition function and the result-
ing restricted canonical probability density reflect the statistics that should be observed
when the system is stuck in this metastable state.
The application of equilibrium statistical mechanics methods to turbulent flows is pe-
culiar in that most of the time, the equilibrium results on the ideal system are used to
obtain insight on the behavior of the real, forced-dissipative system. This means that the
metastability interpretation does not carry over in a straightforward manner. However,
metastable states can be replaced in a forced-dissipative framework by quasi-stationary
states. Besides, restricting the equilibrium procedure to a submanifold of phase space re-
mains a valuable tool to determine the statistics resulting from a given set of microstates.
Whether these statistics are observed for any real situation depends on how the empirical
measure will sample the phase space. Slow manifolds are therefore good candidates for
relevant restricted phase spaces. Note also that in some cases, the forcing may not be
uniform in phase space; in fact, in geophysical flows, it may be relevant to force pri-
marily the slow modes, which provides further justification to a restricted equilibrium
approach. Therefore, in addition to the full phase space canonical probability distribution
(3.2), we shall also compute here the restricted partition function corresponding to the
submanifold Λ0 (i.e. the slow manifold):
ρ0 =
1
Z0 e
−βE−αΓ2χΛ0 , (3.4)
Z0 =
∫
Λ0
e−βE−αΓ2dµΛ0 , (3.5)
and describe the resulting statistics: average values with respect to the canonical proba-
bility distribution ρ will be denoted by brackets 〈·〉, while average values with respect to
the restricted canonical probability distribution ρ0 will be denoted 〈·〉0.
3.2. For Rotating-Stratified flows (f 6= 0 and N 6= 0)
As mentioned above, the partition function is given by
Z =
∫
Λ
e−βE−αΓ2dµΛ, (3.6)
where dµΛ =
∏
k∈B
∏3
i=1 δ(kˆ
iuˆi(k))duˆi(k)dθˆ(k) is the measure on the full phase space
(kˆ = k/k is the normalized wave vector), so that
Z =
∫
Λ
e−
1
2
∑
k∈B
tX(k)∗Mβ,α(k)X(k)dµΛ, (3.7)
Z =
∏
k∈B
∫
e−
1
2
tX(k)∗Mβ,α(k)X(k)δ(kˆiuˆi(k))dX(k). (3.8)
This integral can be evaluated directly by using an integral representation of the Dirac
distribution, but it is more enlightening to make use of the description of phase space
introduced in section 2.2. Indeed, we see that expressing the quadratic form in the basis
made of the normal modes of the linearized evolution equations Z0(k),Z±(k), the par-
tition function — up to a Jacobian determinant which yields an unimportant constant
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factor — reads simply
Z =
∏
k∈B
∫
e−
1
2
tA(k)∗∆β,α(k)A(k)dA(k), (3.9)
=
∏
k∈B
∫
e
− 12
[
(β+αk2σ(k)2)
k2⊥
|a0|2+ β
k2⊥
|a+|2+ β
k2⊥
|a−|2
]
da0da+da−. (3.10)
First of all, we see that the realizability condition for the Gaussian integral to converge
is that ∀k ∈ B, β + αk2σ(k)2 > 0 and β > 0. Besides, in this form, it is clear that the
partition function is the product of two restricted partition functions: on the one hand
Z0, the partition function restricted to the submanifold Λ0 of vortical modes, and on the
other hand ZW , the partition function restricted to the submanifold ΛW of wave modes.
These restricted partition functions are therefore given by:
Z0 =
∫
Λ0
e−βE−αΓ2dµΛ0 , (3.11)
=
∏
k∈B
∫
e
− 12 (β+αk
2σ(k)2)
k2⊥
|a0|2
da0, (3.12)
=
∏
k∈B
√
2pik2⊥
β + α(f2k2‖ +N
2k2⊥)
, (3.13)
ZW =
∫
ΛW
e−βE−αΓ2dµΛW , (3.14)
=
∏
k∈B
∫
e
− 12
[
β
k2⊥
|a+|2+ β
k2⊥
|a−|2
]
da+da−, (3.15)
=
∏
k∈B
√
(2pi)2k2⊥
β2
, (3.16)
Z = Z0ZW , (3.17)
=
∏
k∈B
√
(2pi)3k4⊥
β2(β + α(f2k2‖ +N
2k2⊥))
. (3.18)
For the Gaussian integrals to converge, it is necessary and sufficient that the quadratic
form βE + αΓ2 (or its restriction to Λ0) be positive definite. This means that β > 0
is the condition for ZW to be defined, ∀k ∈ B, β + α(f2k2‖ + N2k2⊥) > 0 — this is
equivalent to β + αk2min min(N
2, f2) for α > 0 and to β + αk2max max(N
2, f2) > 0 when
α < 0 — is the condition for Z0 to be defined, and as mentioned above, Z requires
both conditions. We illustrate these conditions in Figure 1. It is worthy of note that it
is the presence of the inertia-gravity waves modes which imposes the β > 0 condition
for the full phase space. In other words, Euler-Boussinesq flows cannot reach absolute
equilibrium states of negative temperatures, similarly to 3D homogeneous isotropic flows.
Nevertheless, the system with phase space restricted to the vortical modes can reach such
negative temperature states. In that case, we can identify three regimes by analogy with
2D flows (Kraichnan 1975; Kraichnan & Montgomery 1980) and 3D helically constrained
flows (Herbert 2013b):
(I) α > 0, β < 0
(II) α > 0, β > 0
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α
β
−αk2minmin(N2, f2)
−αk2maxmax(N2, f2)
Figure 1. (Color online). Accessible thermodynamic space for rotating-stratified Eu-
ler-Boussinesq flows: for the restricted phase space Λ0 (β + αk
2
min min(N
2, f2) > 0 and
β + αk2max max(N
2, f2) > 0) , marked with slanted lines and shaded in blue, and for the
restricted phase space ΛW (β > 0), marked with slanted lines and shaded in red. Note that
the intersection coincides with the full phase space Λ. Contrary to 2D turbulence and similarly
to 3D turbulence, there is no accessible negative temperature for rotating-stratified Boussinesq
flows, but they are recovered in the restricted phase space Λ0.
(III) α < 0, β > 0
Now, let us compute the average energy and potential enstrophy spectra at statistical
equilibrium. The average energy at equilibrium for the full and restricted phase space
read, respectively:
〈E〉 =
∫
Λ
EρdµΛ, 〈E〉0 =
∫
Λ
Eρ0dµΛ, (3.19)
= −∂ lnZ
∂β
, = −∂ lnZ0
∂β
, (3.20)
=
1
2
∑
k∈B
[ 2
β
+
1
β + α(f2k2‖ +N
2k2⊥)
]
, =
1
2
∑
k∈B
1
β + α(f2k2‖ +N
2k2⊥)
.
(3.21)
We see that the wave modes reach energy equipartition at statistical equilibrium, as
expected since they do not contribute to the potential vorticity Γ2. Replacing the discrete
sums by integrals, we have
〈E〉 = 1
2
∫ [ 2
β
+
1
β + α(f2k2‖ +N
2k2⊥)
]
dk, 〈E〉0 = 1
2
∫
1
β + α(f2k2‖ +N
2k2⊥)
dk.
(3.22)
We introduce the anisotropic energy spectrum e(k⊥, k‖) such that E =
∫ ∫
k2min6k2⊥+k2‖6k2max
e(k⊥, k‖)dk⊥dk‖.
We have
〈e(k⊥, k‖)〉 = pik⊥
[ 2
β
+
1
β + α(f2k2‖ +N
2k2⊥)
]
, 〈e(k⊥, k‖)〉0 = pik⊥
β + α(f2k2‖ +N
2k2⊥)
.
(3.23)
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Figure 2. (Color online). Isotropic spectra of energy E (solid blue lines) and potential enstro-
phy Γ2 (dashed red) for rotating and stratified flows (here in the case f > N) at statistical
equilibrium restricted to the submanifold of vortical modes Λ0, in the different (α, β) regimes.
Left: α > 0, β < 0 (regime I); the spectra have an infrared divergence corresponding to spectral
condensation. Middle: α > 0, β > 0 (regime II); intermediate regime, the spectra increase with k
but the energy spectrum is flat at large k. Right: α < 0, β > 0 (regime III); the spectra increase
as k increases, and there is an ultraviolet divergence.
We also introduce the isotropic energy spectrum E(k), to allow for comparison with the
isotropic cases: E =
∫ kmax
kmin
E(k)dk, so that
〈E(k)〉 =
∫ pi/2
0
〈e(k cosφ, k sinφ)〉kdφ, 〈E(k)〉0 =
∫ pi/2
0
〈e(k cosφ, k sinφ)〉0kdφ (3.24)
The integration yields
〈E(k)〉0 =

pik√
α(f2−N2)(β+αN2k2) arctan
(
k
√
α(f2−N2)
β+αN2k2
)
if f > N,
pik2
β+αN2k2 if f = N,
pik
2
√
α(N2−f2)(β+αN2k2) ln
(√
β+αN2k2+k
√
α(N2−f2)√
β+αN2k2−k
√
α(N2−f2)
)
if N > f,
(3.25)
and we have 〈E(k)〉 = 〈E(k)〉0 + 2pik2/β. Note that the equilibrium energy spectrum
depends continuously on f and N . We can similarly obtain the average potential enstro-
phy:
〈Γ2〉 = 〈Γ2〉0 = −∂ lnZ0
∂α
, (3.26)
=
1
2
∑
k∈B
f2k2‖ +N
2k2⊥
β + α(f2k2‖ +N
2k2⊥)
, (3.27)
so that introducing the anisotropic potential enstrophy spectrum γ2(k⊥, k‖) and the
isotropic potential enstrophy spectrum Γ2(k) as above, we have,
〈γ2(k⊥, k‖)〉0 =
pik⊥(f2k2‖ +N
2k2⊥)
β + α(f2k2‖ +N
2k2⊥)
, (3.28)
〈Γ2(k)〉0 = pik
2
α
− β
α
〈E(k)〉0, (3.29)
where the last equality can also be interpreted as equipartition of the general invariant
βE+αΓ2 on the manifold Λ0; this is analogous to 2D turbulence, except that we are now
in 3D, hence the k2 instead of the k. The isotropic spectra for energy and potential enstro-
phy in the restricted canonical ensemble are shown in fig. 2 for the three different regimes
described above. The qualitative behavior is the same as for 2D turbulence (Kraichnan
& Montgomery 1980), but the scalings are different: at small k the energy scales like
k2 (energy equipartition in 3D), while at large k, it has a flat spectrum corresponding
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Figure 3. (Color online). Isotropic spectra of energy E (solid blue) and potential enstrophy Γ2
(dashed red) for rotating and stratified flows (here in the case f > N) at absolute equilibrium,
in the different (α, β) regimes. Left: α > 0, β > 0 (regime II); the energy spectrum is almost
in equipartition, the potential enstrophy spectrum increases with scalings k4 at low-k and k2
(equipartition) at large k. Right: α < 0, β > 0 (regime III); the spectra increase as k increases,
with energy equipartition, and there is an ultraviolet divergence.
to potential enstrophy equipartition. In the energy dominated regime — regime (I) —
there is an infrared divergence, which indicates that a condensation of energy in the
gravest modes should be expected. This hints at the presence of an inverse cascade for
the vortical modes, in a similar way to the inverse cascade of 2D turbulence. The poten-
tial enstrophy dominated regime — regime (III) — is similar to 3D HIT, with potential
enstrophy playing the role of helicity. Only the case f > N is shown on the figure, but
the cases f = N and f < N have a similar behavior. By contrast, on the full phase space,
the presence of inertia-gravity waves prevents access to regime (I); no condensation of en-
ergy at small scales is expected. The potential enstrophy dominated regime, with energy
equipartition and ultraviolet divergence — regime (III) — remains the same as above. In
the intermediate regime, the energy spectrum at small scales is dominated by the waves
and instead of the flat spectrum coming from potential enstrophy equipartition, we now
see the wave modes equipartition regime with a k2 scaling. In all cases, and similarly
to 3D HIT, the energy spectrum is close to equipartition. However, at variance with 3D
HIT, in the small scales of the intermediate regime — regime (II) — potential enstrophy
also reaches equipartition. This is not in contradiction with energy equipartition because
the former is due to the vortical modes reaching equipartition, while the latter is due to
equipartition of the waves mode.
3.3. For Purely Stratified flows (f = 0)
In the absence of rotation, the invariants of the system remain the same, and the partition
function can be obtained simply by setting f = 0 in the partition function of rotating-
stratified flows. Clearly, the partition function ZW for the gravity wave modes remain the
same (see (3.14)-(3.16)), while the partition function Z0 for the vortical modes becomes
Z0 =
∏
k∈B
√
2pik2⊥
β + αN2k2⊥
, (3.30)
so that the full partition function becomes
Z =
∏
k∈B
√
(2pi)3k4⊥
β2(β + αN2k2⊥)
. (3.31)
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α
β−αN2k2max
Figure 4. (Color online). Accessible thermodynamic space for purely stratified Euler-Boussinesq
flows: for the restricted phase space Λ0 (β > 0 and β+αN
2k2max > 0) , marked with slanted lines
and shaded in blue, and for the restricted phase space ΛW (β > 0), marked with slanted lines
and shaded in red. Note that the intersection coincides with the full phase space Λ. Contrary to
2D turbulence and similarly to 3D turbulence, there is no accessible negative temperature for
purely stratified Boussinesq flows, and unlike the rotating case, they are not recovered in the
restricted phase space Λ0.
The realizability condition for the restricted partition function is that ∀k, β+αN2k2⊥ > 0.
In principle, there exist wave vectors k with vanishing horizontal component, therefore
the condition implies β > 0, as well as β + αN2k2max > 0. In the full phase space,
the condition β > 0 is enforced from the start. The space of accessible thermodynamic
parameters (α, β) is shown in fig. 4.
The average energy at statistical equilibrium is given by:
〈E〉 = 1
2
∑
k∈B
[ 2
β
+
1
β + αN2k2⊥
]
, 〈E〉0 = 1
2
∑
k∈B
1
β + αN2k2⊥
, (3.32)
so that the anisotropic energy spectra are
〈e(k⊥, k‖)〉 = pik⊥
[ 2
β
+
1
β + αN2k2⊥
]
, 〈e(k⊥, k‖)〉0 = pik⊥
β + αN2k2⊥
, (3.33)
and the isotropic energy spectra
〈E(k)〉 = 〈E(k)〉0 + 2pik
2
β
, 〈E(k)〉0 = pik
2
√
αN2(β + αN2k2)
ln
(√β + αN2k2 + kN√α√
β + αN2k2 − kN√α
)
.
(3.34)
Similarly, the anisotropic and isotropic spectra of potential enstrophy at statistical equi-
librium are given by
〈γ2(k⊥, k‖)〉0 = piN
2k3⊥
β + αN2k2⊥
, (3.35)
〈Γ2(k)〉0 = pik
2
α
− β
α
〈E(k)〉0, (3.36)
similarly to the case with rotation. Hence, stratified turbulence in the restricted canonical
ensemble features the two regimes (II) and (III) with the same qualitative behavior as in
the presence of rotation (fig. 2). In the full canonical ensemble as well, the system behaves
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qualitatively like the two regimes (II) and (III) in the presence of rotation (fig. 3). In
particular, in the absence of rotation, there is in all rigor no negative temperature regime,
which could indicate an inverse cascade of energy, even in the restricted ensemble. This
regime can be recovered by imposing an infrared cutoff in k⊥, but this is somewhat
artificial.
3.4. For Purely Rotating flows (N = 0)
The restricted partition function is given by
Z2D =
∫
Λ2D
e−βE2D−β‖E‖−αΓ2dµΛ2D , (3.37)
=
∏
k∈B2D
∫
e
− 12
[
β‖
k2⊥
|D|2+
(
β
k2⊥
+α
)
|ζ|2
]
dDdζ, (3.38)
=
∏
k∈B2D
√
(2pi)2k4⊥
β‖(β + αk2⊥)
. (3.39)
The realizability condition reads β‖ > 0 and ∀k ∈ B2D, β + αk2 > 0, which amounts to
β + αk2min > 0 and β + αk
2
max > 0. In particular, states of negative temperature β can
be attained. The accessible thermodynamic space is the same as in fig. 1 with N = f , up
to a rescaling of α. In particular, the three regimes identified for the slow modes of the
rotating-stratified case exist here as well. The average energy at statistical equilibrium
in the restricted ensemble is
〈E2D〉2D = −∂ lnZ2D
∂β
, 〈E‖〉2D = −∂ lnZ2D
∂β‖
, (3.40)
=
1
2
∑
k∈B2D
1
β + αk2⊥
, =
1
2
∑
k∈B2D
1
β‖
. (3.41)
The anisotropic and isotropic energy spectrum at statistical equilibrium in the restricted
ensemble are therefore given by
〈e2D(k⊥, k‖)〉2D = pik⊥
β + αk2⊥
δ(k‖), 〈e‖(k⊥, k‖)〉2D = pik⊥
β‖
δ(k‖), (3.42)
〈E2D(k)〉2D = pik
2
β + αk2
, 〈E‖(k)〉2D = pik
2
β‖
. (3.43)
Similarly, we obtain the anisotropic and isotropic spectra for enstrophy:
〈γ2D2 (k⊥, k‖)〉2D =
pik3⊥
β + αk2⊥
δ(k‖), (3.44)
〈Γ2D2 (k)〉2D =
pik4
β + αk2
. (3.45)
We see that the average isotropic energy spectrum for the slow modes of rotating tur-
bulence in the restricted ensemble (〈E2D(k)〉2D) is similar to that of the slow modes
in rotating-stratified turbulence with N = f , up to a rescaling of the α parameter. In
particular, the qualitative behavior and the scalings for the three regimes are the same as
in fig. 2, with an infrared divergence of the spectra in the negative temperature regime.
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4. Discussion of the Hypotheses
4.1. How slow is the slow manifold?
The slow modes/fast waves decomposition was introduced here through the normal modes
of the linearized dynamics in Fourier space. Still in the linearized framework, we have
seen that in the presence of rotation and stratification, the slow modes satisfy the bal-
ance relations and are the modes which carry potential vorticity (see section 2.2 for the
subtlety of the purely stratified case). In fact, for the full, nonlinear dynamics, there is
no guarantee that these two properties still coincide, although one may still introduce a
wave-vortical modes decomposition (Staquet & Riley 1989), or define slow manifolds and
superbalance relations (Vanneste 2013). Here, there is no consequence on the computa-
tions we make, because the decomposition is only introduced as a way to describe phase
space. Neither the linear nor the exact nonlinear dynamics were used to compute the
partition functions, as the absolute or restricted equilibrium probability densities only
depend on the invariants of the system. However, there is a consequence on the inter-
pretation of the restricted ensemble. Indeed, for the statistics predicted by the restricted
probability density to describe accurately the real system, it is necessary that it should
not wander too far away from the submanifold Λ0. One justification for this comes from
an argument of time scale separation. By definition, the vortical mode have zero linear
frequency; their dynamics is trivial at the linear level. In fact, their dynamics is governed
by nonlinear advection, with a characteristic timescale given by the eddy turnover time
τ0 = L/U , where L and U are a characteristic length scale and a characteristic velocity.
On the other hand, the timescale of inertia gravity waves is given by the inverse of the
frequency σ(k), which is bounded: min(f,N) 6 σ(k) 6 max(f,N). Therefore, the ratio
of the two timescales satisfies
 =
σ(k)−1
τ0
6 U
Lmin(f,N)
, (4.1)
6 max(Ro,Fr), (4.2)
where Ro and Fr are respectively the Rossby and Froude numbers. It follows from an
argument of optimal truncation in the asymptotic series defining the slow manifolds that
the accuracy of the balanced model is exponential in . In other words, due to the fast
inertia-gravity waves, the system oscillates around the slow manifold, thereby defining
a fuzzy manifold of exponentially small width as  decreases (Lorenz & Krishnamurthy
1987; Warn 1997). Typically, for the large scales of the atmosphere and the ocean, we
have Fr  Ro  1. Therefore the time scales are well separated:   1, the width of
the fuzzy manifold is small, and we may expect the restricted ensemble predictions to
hold. In particular, there should be an inverse cascade, due to the vortical modes, in such
cases.
At smaller scale (e.g. mesoscales in the atmosphere and sub-mesoscales in the ocean),
we may still have Fr  1, but Ro becomes of order one. When this happens, the argument
above breaks down; there is no longer a clear time scale separation. As we have noted
above, the slow modes of purely stratified turbulence do not lead to an inverse cascade
but rather to a direct cascade, at least according to the statistical mechanics argument —
and numerical simulations support this view. The transition to stratified turbulence with
small rotation is probably smooth due to the fact that the restricted ensemble prediction
for rotating/stratified turbulence breaks down when the Rossby number is of order one
or larger.
The case of purely rotating turbulence is different. In this case again, there is no clear
separation of time scales. The frequencies of the inertial waves belong to the interval
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[0, f ], in the limit of a large domain L → ∞. The ratio  is only bounded from below:
 > Ro. However, we know that for strong enough rotation, the flow tends to form
columns, which corresponds to two-dimensional (k‖ = 0) modes (Taylor 1917; Proudman
1916; Smith & Waleffe 1999). This goes in support of the relevance of the restricted
ensemble predictions for rotating flows.
4.2. How quadratic is potential enstrophy?
Another hypothesis that we have made here is that the potential enstrophy is well ap-
proximated by retaining only the quadratic part, instead of the full expression which
involves cubic and quartic terms. Here, the motivation is mainly technical: a quadratic
potential enstrophy ensures that the canonical distribution (absolute or restricted) is a
Gaussian, and therefore that the partition function can be computed analytically. In fact,
the issue is deeper than that and non-quadratic potential enstrophy may have peculiar
consequences; Herring et al. (1994) have for instance reported generation of potential
enstrophy at large scales by viscosity, at variance with the usual small scale dissipation
role of viscosity.
We can expect this approximation to perform well in the limit of strong rotation
and stratification, as quasi-geostrophic turbulence has a quadratic potential enstrophy
(Charney 1971).
With no or weak rotation, scale analysis shows that the non-quadratic terms are small
when the vertical Froude number Frv = U/HN , where H is the vertical length scale, is
small: Frv  1 (Waite & Bartello 2006). But as argued by Billant & Chomaz (2001) on
the basis of an invariance property of the inviscid equations, the vertical Froude number
always remains of order one: Frv = O(1), even when the horizontal Froude number
Frh = U/LN is small. This means that the width of the layers which form in strongly
stratified flows is given by the buoyancy scale Lb = U/N , as observed in numerical
simulations (Riley & de Bruyn Kops 2003; Lindborg 2006; Waite 2011). However, in
the numerical simulations of Aluie & Kurien (2011), for strongly stratified and weakly
rotating flows, potential enstrophy is well approximated by the quadratic terms. As
suggested by Waite (2013), this may be due to the effect of viscosity: when viscous effects
become strong enough, the argument of Billant & Chomaz (2001) breaks down. A viscous
coupling between the layers sets in, and the vertical length scale is no longer given by the
buoyancy scale but rather by the viscous scale
√
νLh/U (Riley & de Bruyn Kops 2003;
Godoy-Diana et al. 2004; Brethouwer et al. 2007) and the vertical Froude number can
reach smaller values. Brethouwer et al. (2007) and Waite (2013) suggested to discriminate
the cases by the buoyancy Reynolds number Reb = Fr
2
h Re. When Reb is small (viscously
coupled regime), potential enstrophy is well approximated by its quadratic part, while
for larger Reb, the higher order terms are not negligible.
5. Conclusion
In this paper, we have provided new theoretical arguments to study the possibility of
inverse or direct cascades of energy in rotating and/or stratified flows. Using a descrip-
tion of phase space in terms of slow eddy and fast wave modes, based on the normal
modes of the linearized equations of motion (Leith 1980; Bartello 1995), we have in-
vestigated the role of both kind of modes through statistical mechanics arguments. We
have adapted the idea of restricted partition functions introduced in condensed matter to
study metastability; here, the integral defining the partition function is restricted to the
slow manifold. We find that for rotating and stratified or purely rotating flows, negative
temperature states are possible, for which the energy spectrum at restricted equilibrium
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has an infrared divergence characteristic of an inverse cascade regime. At absolute equi-
librium (i.e. not restricting the integral defining the partition function), the presence of
waves results in the disappearance of the negative temperature regime, and therefore
a direct cascade of energy should be expected in agreement with Bartello (1995). For
purely stratified flows, negative temperature states do not exist, even in the restricted
ensemble (see also Waite & Bartello (2004) for the absolute equilibrium case), because
of the shear modes (k⊥ = 0). Excluding these modes, we would recover a possibility for
an inverse cascade, but this does not seem justified as the shear modes are part of the
slow manifold and play an important role in the dynamics, like in the thermal wind.
The results above rely on the assumptions that potential enstrophy is quadratic and
that the system remains in the vicinity of the slow manifold. Both these conditions should
be satisfied when rotation and stratification are strong, or for purely rotating flows. They
begin to break down when rotation becomes weaker.
These results are consistent with the findings of numerical simulations of rotating and
stratified flows, which tend to show that stratified flows exhibit an inverse cascade of
energy only when rotation is strong enough (e.g. Marino et al. 2013). They indicate
that the largest scales of the atmosphere and ocean should have an inverse cascade of
energy, due to the vortical modes, in accordance with the theory of quasi-geostrophic
turbulence (Charney 1971; Rhines 1979), while at smaller scales, when the effect of
rotation weakens (e.g. in the atmospheric mesoscale or oceanic sub-mesoscale), the energy
transfers should be downscale. Such a dual cascade was indeed observed recently in direct
numerical simulations (Pouquet & Marino 2013).
Appendix A. Notes on the normal modes of the linearized
Boussinesq equations
In addition to the two sets of variables X and Z considered in section 2.2, we introduce
Y(k) =
ζ(k)δ(k)
θˆ(k)
 , L′(k) =
 0 −f 0f k2‖k2 0 iNk‖ k2⊥k2
0 iNk‖ 0
 , (A 1)
so that
Y˙(k) = L′(k)Y(k). (A 2)
The various descriptions are related by linear transformations:
Y(k) = Q(k)SX(k), Z(k) = R(k)Y(k), (A 3)
with
Q(k) =
 ik1 ik2 0−ik2 ik1 0
0 0 1
 , R(k) =
1 0 00 kk‖ 0
0 0 −k⊥
 , (A 4)
S =
1 0 0 00 1 0 0
0 0 0 1
 . (A 5)
These linear transformations have physical interpretations: the matrix Q(k) is the prod-
uct of a unitary transformation U ∈ U(3) and two dilatations D1(k⊥) and D2(k⊥); the
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matrix R(k) can be seen as the product of two dilatations D2(k/k‖) and D3(−k⊥):
Q(k) = UD1(k⊥)D2(k⊥), (A 6)
R(k) = D2(k/k‖)D3(−k⊥), (A 7)
with
U =
 i k1k⊥ i k2k⊥ 0−i k2k⊥ i k1k⊥ 0
0 0 1
 , Di(x) = I3 + (x− 1)Eii. (A 8)
We have det Q(k) = −k2⊥ and det R(k) = kk⊥/k‖.
Note that the matrices R(k) and L′(k) are not defined when k‖ = 0. As explained in the
text, for the modes with k‖ = 0, δ(k) always vanishes and is therefore not an appropriate
dynamical variable. Hence in that case one should use the vector Z(k) rather than Y(k).
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